Over the past few years, a wide use of externally-bonded fiber-reinforced polymer composites (EB-FRP), for rehabilitation, strengthening and repair of existing/deteriorated reinforced/prestressed-concrete (RC/PC) structures has been observed. This paper presents a nonlinear iterative analytical approach conducted to investigate the effects of concrete strength, steelreinforcement ratio and externally-reinforcement (FRP) stiffness on the flexural behavior and the curvature ductility index of the FRP-strengthened reinforced high-strength concrete (RHSC) beams. Analysis results using the proposed technique have shown very good agreement with the experimental data of FRP-strengthened/non-strengthened RHSC beams, regarding moment-curvature response, ultimate moment and failure mode. Also, a newly prediction equation for the curvature ductility index of FRP strengthened RHSC beams has been developed and verified. Then, converting equation of the curvature ductility index to energy one is proposed. Results indicate that the proposed predictions for the curvature and energy ductility indices are accurate to within 1.87% and 3.03% error for practical applications, respectively. Finally, limit values for these bending ductility indices, based on different design codes' criterion, are assessed and discussed.
Introduction
Over the past three decades, rehabilitation, strengthening and repair of reinforced and prestressed concrete structures (RC, PC) by the external-bonding of fiber-reinforced polymer (EB-FRP) strips/sheets have become very popular around the world due to lots of interested advantages of FRP composites over other conventional materials. Consequently, numerous experimental/theoretical studies have been conducted to investigate the behavior of FRP-strengthened RC/PC members including beams, slabs, columns, shear walls and beam-column joints [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] .
A vast number of failure mechanisms for RC beams strengthened with FRP strips/sheets have been experimentally reported [3, 9, 11] . Generally, these mechanisms can be categorized into three main types of flexural, shear and debonding failures. Debonding, as the most probable failure mode, is usually abrupt and uneconomical, and takes place by plate separation of the concrete surface before attaining the flexural capacity of the RC beam (while neither of the concrete or FRP are damage separately). In such a case the structural member is unemployable anymore and results in incomplete exploitation of the reinforcing FRP sheet.
Ductility of a structural member may be expressed as curvature ratio, rotation ratio, displacement ratio, and absorbed energy ratio [14] [15] . In the case of a flexural member, cross-sectional ductility based on curvature is usually considered [16] . Assessment of the curvature ductility in FRP-strengthened RC beam sections has been the subject of few researches for recent two decades. Lee et al. (2004) developed an analytical solution for determining the allowable plate area to achieve a targeted value of ductility in RC beams retrofitted with FRP plates. Finally, based on regression analysis, they presented a simplified version of the method to relate the curvature ductility to the FRP plate ratio [17] .
In 2006, Matthys and Taerwe reported a ductility index, in the form of the ultimate strengthened curvature to unstrengthened yield curvature ratio, based on an evaluation of ductility requirements in some design guidelines and by providing a parametric analysis on behavior of FRP-strengthened concrete members. By increasing amounts of CFRP, a trend of increasing strength and decreasing ductility was found. They concluded that the ductility of FRP-strengthened flexural members should be considered with care, as reduced deformability is obtained at ultimate [18] . Yost and Steffen (2014) provided a parametric analysis of strength and energy for unstrengthened/FRP-strengthened flexural NSC/HSC members at the service, yield, and ultimate limit states. Results showed that ductility in the form of ultimate-to-yield energy ratio was nonlinear, inversely related to the CFRP and steel reinforcement ratios, and trends differently at low versus moderate levels of CFRP reinforcement. For low amounts of steel and high amounts of CFRP, ductility decreases significantly relative to the unstrengthened condition [19] .
Cross-sectional analyze as an easy and adopted methodology for design and assessment of flexural behavior in FRPstrengthened members, has been used by many researchers [1, 4, 17, [20] [21] [22] [23] ]. An et al. (1991) have formed the basic analytical approach for assessment of stresses and deformations in rectangular/T-beam sections externally-reinforced with epoxy-bonded FRP plates [21] . In 2000, El-Mihily and Tedesco have presented a procedure for evaluating the ultimate capacity of strengthened RC beams based on crushing of concrete or FRP rupture [22] .
In 2006, Toutanji et al. presented an analytical model for derivation of the moment-deflection response of simple-RC beams strengthened with FRP sheets, based on limit points of cracking, yielding of steel reinforcement and ultimate state of failure [23] . developed an analytical model to predict the load capacity and the flexural behavior of FRP-strengthened continuous reinforced high-strength concrete (RHSC) beams. According to obtained HSC experimental results, they neglected the falling branch of HSC stress-strain curve by assuming the strain in the maximum stress as the ultimate strain [4] . It could be noted that, between the above-mentioned models, premature debonding of FRP laminates was only considered in analytical models of Toutanji et al. (2006) and .
In 2015, Skuturna and Valivonis performed a statistical analysis of the design methods (e.g. ACI440.2R-08, fib bulletin 14, TR55) to calculate the load-carrying capacity of RC flexural elements strengthened with external CFRP reinforcement, based on the experimental results of 80 beams. In most cases, obtained results statistically significantly differed from the experimental ones if calculated according to the fib and TR55 methodology. Also, the calculated values of the coefficient of confidence showed that the calculation results of the load-carrying capacity were more accurate when calculated according to ACI recommendations [24] .
This research work addresses the following main objectives. The first is to examine the effects of concrete strength, steel-reinforcement ratio and externally-reinforcement (FRP) stiffness on the flexural behavior and the curvature ductility index of the FRP-strengthened RHSC beams. For this purpose, an iterative analytical technique is presented which considers: a) nonlinear behavior of materials by using basic models for complete pre-and post-peak stress-strain behavior of HSC and internal/external reinforcement (steel/FRP); b) occurrence possibility of FRP premature debonding mode. The second is to develop and verify newly prediction equations for curvature ductility and flexural energy ductility indices of FRP-strengthened RHSC beams. Also, according to obtained results, limit values for bending ductility indices, based on codes' ductility criterion, are assessed and discussed.
Analytical Model
The methodology adopted for the iterative analytical model is based on Akbarzadeh and Maghsoudi's model [4] . This model (Figure 1 ), takes into consideration the principles of strain compatibility and static equilibrium, and uses the defined constitutive relations for the HSC, steel and FRP to predict bending response. Assumptions for this approach are: i) plane sections remain plane after bending, ii) perfect bond exists between HSC and steel-reinforcement/FRP plates, iii) after cracking, the tensile stress in HSC may be neglected, iv) failure occurs when either c
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Vol. 4, No. 11, November, 2018 2721 Figure 2 presents a typical flexural response of strengthened beam, as the result of the analytical model. In this approach, the moment-curvature response is idealized as a nonlinear curve divided into three zones: 1) the first stage extends to the onset point of the concrete cracking; 2) the second one follows until the first yielding of the tensile steel reinforcement; 3) the last part continues until the failure point. 
Material Properties
The applied nonlinear stress-strain models for HSC and steel-reinforcement, and elastic stress-strain relationship for FRP are described as following:
a) FRP
In FRP-strengthened RC beams, different failure modes have been observed. Specific failures of FRP plate are defined by rupture and premature debonding. Guidelines and codes (e.g. ACI 440.2R), suggested different models in order to predict debonding failure [1, 20, 25] 
The stress-strain relationship for steel-reinforcement is assumed to be bilinear, including elastic stage up to fy, followed by linear hardening up to fu.
c) HSC
The stress distribution of HSC in the compression zone is found from its stress-strain relationship. High performancehigh strength concrete (HPHSC) specimens are generally more brittle than NSC. Therefore, at the ultimate stress state, they could be fractured suddenly under uniaxial compression. Collins and Porasz (1989) , based on modifications to the work of Thorenfeldt et al. (1987) [26] , and Popovics (1973) [27] , suggested Equation 2 for stress-strain relationship of HSC [28] .  , is assumed to be equal to 0.0035 [29] .
Since the real stress distribution in compressive area at a cross section may be complex as well as variable, and also the area of stress distribution and its' center of gravity are more important than the geometry of the stress distribution for equilibrium equation; therefore, in this study, an equivalent rectangular compressive stress block model is used which suggested by building codes such as ACI 318 [30] . The main parameters for the equivalent stress block are stress and centroid factors (  and  , respectively), as shown in Figure 1 . As described in [4] , these parameters are calculated as follow: The rectangular stress block parameters proposed by some selected codes are given in 
Calculation of Resisting Moment and Curvature
By using an incremental deformation technique, strain and corresponding stress in the FRP composite, steelreinforcement, and HSC, at any section are calculated [4] . Figure 1 shows the strain and corresponding stress/force diagrams for a typical rectangular RHSC beam-section with a FRP plate adhered to the tension face. As shown in Figure   5 , based on the proposed algorithm, the strain in the extreme compressive fiber of HSC () c  is increased until failure is reached. For different states, using the principle of strain compatibility, neutral axis location () c , is obtained from the equilibrium of internal forces. It must be noted that each of the internal force can be determined by multiplying stress by cross-sectional area. The internal bending moment M of the section can be obtained by taking the sum of the moments (e.g. due to internal forces) about the neutral axis position. In this paper, due to use of the bilinear constitutive model for steel, one can calculate M as follows:
b) After Cracking of HSC and before Yielding of Steel 
Verification of the Proposed Analytical Model

Experimental Data
In order to verify the accuracy of the proposed analytical model, available experimental data on the flexural behavior of non-strengthened/FRP-strengthened RHSC beams are collected from the existing literature [4, [33] [34] [35] [36] [37] . The key parameters of these tested beams are summarized in Table 2 . It must be noted that the compressive strength () c f of beams is varied from 54 to 126.2 MPa.
Akbarzadeh and Maghsoudi (2010), experimentally investigated the bending response of RHSC continuous (e.g. two-span) beams strengthened with externally-bonded CFRP and GFRP sheets along their negative (hogging) and positive (sagging) moment regions. The modulus of elasticity, yield strength and maximum tensile strength of steel rebar are 200 GPa, 412.5 MPa, and 626.4 MPa, respectively. The beams were loaded with a concentrated load at the middle of each span [4] . Hashemi et al. (2009) studied the flexural behavior of RHSC beams strengthened with FRP sheets under four-point bending test [33] . Maghsoudi and Akbarzadeh (2006) , and also Rashid and Mansur (2005) have tested RHSC beams under four-point bending test [34] [35] . Rabinovitch and Frostig (2003) experimentally investigated flexural response of RHSC beams strengthened and rehabilitated with externally-bonded CFRP strips using four-point bending test [36] . Rahimi and Hutchinson (2001) assessed the structural behavior of reinforced concrete beams strengthened with adhesively bonded fiber reinforced plastics (CFRP and GFRP) by four-point flexural testing of 2.3-m-long beams [37] .
Results
The proposed analytical model was applied to obtain nonlinear moment-curvature curves at the central support/midspan sections as the critical sections of tested beams. The comparison between experimental and predicted moment at the critical sections including the mode of failure are presented in Table 3 . The comparison of results indicated that a very good accuracy of the proposed model is approached by -1.27 % mean value of errors. Also, the proposed analytical model can predict very well the experimental failure mode.
Some selected analytical and experimental moment-curvature responses of database beams (tests CB and SC1 of [4] ) are shown in Figure 6 
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Derivation of Proposed Formulas for Bending Ductility Indices
Parametric Study
The ductility of a structural member may be defined as its ability to deform up to the failure load without a significant loss in its load-carrying capacity. In seismic areas, ductility is an important factor in design of RC members under flexure [14] . Since some experimentally observed failure mechanisms in FRP-strengthened members are abrupt and brittle, and by considering HSC as a brittle material, therefore, understanding the effect of such materials (e.g. HSC and FRP) on the ductility of RC flexural members (e.g. beams) is notable. Several forms of ductility are often considered; these include curvature, rotational, displacement and energy ductility. In this research, curvature ductility and flexural energy ductility indices as the forms of bending ductility are investigated. Curvature ductility index can be calculated as defined by Equation 7 .
In order to investigate the effects of concrete strength, steel-reinforcement ratio and externally-reinforcement (FRP) stiffness on the flexural behavior and the curvature ductility index of the FRP-strengthened RHSC beams; a parametric study is conducted for a typical beam section (Figure 1 ()  . Comparing theses curves for different steel ratio, it can be seen that the tension reinforcement ratio basically affects both the shape of moment-curvature curve and the ductility of a beam section; as increasing the tension reinforcement ratio, the plateau of curve at the post-peak stage becomes gradually shorter and drops more rapidly that indicating remarkable reduction in ductility. ( ,
( ). ( )
Also based on the analytical results described previously, the curvature ductility index and the amount of steelreinforcement, FRP stiffness and HSC strength are mutually related with 
Where the coefficient i a are determined from multiple regression analysis, which is using the analytical results [16] . 
The analytical results indicate that the curvature ductility index decrease with increasing of FRP stiffness. By regression analysis, the relationship between the ratio The effect of HSC strength on the ratio of the curvature ductility index to 12 
is shown in Figure 15 . By regression analysis, the relationship between these parameters can be expressed as follows: 52 12 { ( ) ( )} { 8.0 10 ( ) 0.014( ) 1.087}
Finally, the prediction equation of curvature ductility index can be offered based on the parametric study as follows: 
Proposed Energy Ductility Index Formula
Another method of determining bending ductility is based on the energy definition which is illustrated in Figure 17 . As defined by Equation 15 , energy ductility index can be calculated as the ratio between the flexural energy of the system at failure, u E , and the flexural energy of the system at first yielding of tensile steel, 
Derivation of Limit Values based on Design Codes
Design codes prescribe some limiting constraints to ensure sections would possess adequate ductility. In most of the existing design codes, these constrains impose limits on either the tensile rebar strain or the neutral axis depth. Based on ACI 318, for the tension-controlled section, which is expected to failure in sufficiently ductile manner, a minimum limit value of 0.005 for the strain at foremost tensile rebar, st  , is recommended. Also, a minimum limit value of 0.0075 for st  , is suggested for moment redistribution in flexural continuous members, to ensure an adequate ductility in plastic hinge regions [30] . For ductile design, Eurocode 2, recommended that the neutral axis depth to effective depth ratio (c/d), should be limited to 0.35, for concrete grades higher than C35/45. Its limit on the c/d ratio could be transformed to the tensile rebar strain format; it means that by considering 0.0035 cu  
, the limit value of st  , is 0.0065 [31] . These resulted values of   are about 24 times lower than minimum ones recommended by the existing literature for seismic zones [14, 17] . To some extent, it seems compression and/or confining-reinforcement could make up the reduction in bending ductility indices [14] . Nevertheless, for strengthened members, which containing some brittle materials (e.g. HSC and FRP), it seems that the codes' recommendations (especially in seismic areas) need to be modified by using results of some extra experimental and analytical studies. Based on verifying the analytical results, the proposed predictions for the curvature ductility index and energy one are accurate to within 1.87%, and 3.03% error for practical applications, respectively. The proposed formulas offer fairly accurate and consistent predictions of bending ductility indices for FRP strengthened RHSC beam sections. 
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